We investigate spectral properties of the atomic fluorescence and the output field of the cavitymode of a single-atom dressed-state laser in a photonic crystal. We pay a particular attention to the behavior of the spectra in the presence of the frequency dependent reservoir and search for signatures of the thresholdless lasing. Although the thresholdless behavior has been predicted by analyzing the photon statistics of the cavity field, we find that the threshold behavior still exists in the spectrum of the cavity field. We find that the structure of cavity field spectrum depends strongly on the strange of the pumping rate. For low pumping rates, the spectrum is not monochromatic, it is composed of a set of discrete lines reveling the discrete (quantum) structure of the combined dressed-atom plus the cavity field system. We find that for a certain value of the pumping rate, the multi-peak structure converts into a single very narrow line centered at the cavity field frequency. A physical explanation of the behavior of the spectra is provided in terms of dressed states of the system.
I. INTRODUCTION
The spectrum of the radiation field emitted by a system of atoms interacting with an electromagnetic field is known to provide fundamental insight into the energy structure and properties of the combined (entangled) atom-field system [1] . The spectral distribution of light emitted by coherently driven atoms simultaneously coupled to a multi-mode field has been the subject of numerous investigations over the years. The subject received its initial stimulus in the famous paper by Mollow [2] , in which he showed that the fluorescence spectrum of a strongly driven two-level atom has a threepeaked structure, quite different from the spectrum expected for weak-field resonance fluorescence [3] . The radiation properties of atoms interacting with a single rather than multi-mode electromagnetic field were also investigated in the context of a search for signatures of quantum effects in the matter-radiation interaction [4] . The single-mode interaction, also known as the JaynesCummings model, can be realized by confining the atoms within an optical cavity. The atom-cavity field coupling leads to "dressed" states, the eigenstates of the Hamiltonian of the atoms plus the cavity field, that serve as the basis energy states of the system [5] . The physical origin of the spectral features observed in the radiation field emitted by the system is clearly explained the dressed-atom model which provides the positions, intensities and widths of the spectral features in analytic form. In the dressed-atom approach, the radiation field is quantized which, in addition to the convenient studies of the spectral features, offers a potential setting for investiga- * Electronic address: gaox@phy.ccnu.edu.cn tions of statistical and quantum features of the system. Many novel quantum effects have been predicted in observed, such as atomic collapses and revivals [6] , vacuum Rabi splitting [7, 8] , photon antibunching and squeezing [9, 10] . The spectral properties of strongly driven atoms inside a single-mode cavity were also investigated in context of searching for signatures of two-photon lasing [11] , the photon-number distribution of the cavity field [12] and sub-natural linewidths [13, 14] .
The possibility of modifying linewidths of the spectral lines of the fluorescence field emitted by a three-level Vtype atom using intense laser fields was first noted by Lorenzo Narducci and his colleagues [15] . They have found that the linewidth of the spectral lines on a given atomic transition can be switched into the linewidth of the other, much narrow atomic transition. The phenomenon, termed as a dynamical narrowing of the spectral lines, can also be best understood in terms of the dressed-states of the system. The laser fields driving the atomic transitions lead to a coherent mixing of the atomic energy levels resulting in dressed states of the system. The transition rate between any two dressed states is proportional to the absolute square of the dipole transition moment connecting these two states. Since the dressed states depend on the Rabi frequencies of the driving fields, this results in the transition rates dependent on the Rabi frequencies and the spontaneous emission rates of the atomic transitions. Thus, the transition rates can be changed by changing the ratio between the Rabi frequencies. Basically, the coherent mixing of the atomic energy levels modifies quantum fluctuations on the driven atomic transitions. Thus, the observed subnatural linewidth of the spectral line is the signature of the fluctuations stabilization in a driven atom by a coherent mixing of the atomic energy levels. In this context, the phenomenon of the dynamical narrowing of the spectral lines, predicted by Narducci et al. offers further interesting prospects for study of practical schemes for sub-natural spectral resolution and stabilization of the quantum fluctuations [16] . Narrowing of the spectral lines can also be achieved by placing the driven system inside a frequency dependent reservoir, the so called, tailored vacuum [17, 18] . Transition rates between dressed states of the driven system can be modified with a suitable choosing of the Rabi frequency of the driving field. If the Rabi frequency is chosen to be much larger than the bandwidth of the reservoir field, some of the dressed-atom frequencies can then be found outside the bandwidth of the reservoir field. As a result, transitions at these frequencies are not affected by spontaneous emission. The selective decoupling of the dressed-atom transition frequencies may lead to narrowing and even suppression of the spectral lines of the fluorescence. There have also been a considerable interest in the generation of lasing action between dressed states of strongly driven two-level atoms [19] [20] [21] . The concept of the dressed-atom laser has been introduced, where the lasing action can occur even in the absence of population inversion between the bare states of the atoms. This kind of lasing is often referred to as lasing without population inversion. In fact, the lasing occurs with population inversion which exists between the dressed states involved in the lasing transition. Recently, the spectral and statistical properties of the single-atom dressed-state laser in a photonic band-gap material were shown to be qualitatively different from that arising from the ordinary frequency independent reservoir [22] [23] [24] . The band-gap material serves as a frequency dependent reservoir, where the density of the electromagnetic field modes varies sharply with frequency. Furthermore, it has been shown that in the presence of the photonic material, the dressed-atom system can operate as a thresholdless laser [25] . In this paper, we examine the atomic fluorescence and the cavity field output spectra for features indicative of the thresholdless lasing which results in the single-atom dressed-state laser from suppression of spontaneous emission on the lasing transition [25] . Our interest in this particular problem stems from the fact that the thresholdless behavior of the system has been predicted by analyzing the photon statistics of the cavity field [26] [27] [28] [29] [30] [31] . It is interesting to consider if a thresholdless behavior could also be observed in the spectra. The predicted suppression of the threshold behavior in the statistics of the cavity photons occurs if a photonic band-gap material is employed to reduce the density of the electromagnetic field modes in the lasing region of the transition. As is well known, a strongly driven twolevel atom fluorescence at three distinct frequencies, the driving laser frequency and at two sideband frequencies shifted symmetrically from the laser frequency by the Rabi frequency. We consider an off-resonance driving field and the cavity mode tuned to resonance with the lower frequency Rabi sideband of the dressed atom. Our treatment is based on the master equation of the reduced density operator of the driven atom plus the cavity field, which we derive by combining two previously used approaches, the Keitel-Knight-Narducci-Scully [17] approach to the dynamics of a driven atom in a frequency dependent reservoir, and Freedhoff-Quang [14] approach to the dynamics of a driven atom coupled simultaneously to a single-mode cavity field and a frequency independent reservoir. In the absence of the band-gap material, we distinguish three regimes of the pumping rate, below, near and above threshold, at which the spectra exhibit significantly different structures. Below the threshold, the spectrum exhibits two peaks characteristic of the vacuum Rabi splitting. Near the threshold, a multi-peak structure is observed indicating a successive excitation of the discrete energy states of the system. Above the threshold, the cavity field spectrum is composed of a single very narrow peak, whereas the atomic fluorescence spectrum exhibits a Mollow-like triplet. In the presence of the band-gap material, the spectra display interesting modifications. First of all, we can distinguish only two ranges of the pumping rate at which the spectra have different character. A multi-peak structure emerges at relatively low pumping rates. The spectra exhibit a multipeak structures even in the limit of vanishing pumping. Secondly, we find that the spectral lines are significantly narrower than that predicted in the absence of the bandgap material. We observe an interesting feature that in the case of the cavity field spectrum, the multi-peak structure builds inside the vacuum Rabi doublet, whereas the fluorescence spectrum the structure builds inside as well as outside the doublet. Finally, we demonstarte that the cavity field spectrum exhibits a threshold behavior that at a certain pumping rate, the multi-peak spectrum converts into a single very narrow peak located at the cavity mode frequency. The threshold behavior exists despite the fact that there is no threshold behavior in the photon statistics of the cavity field. The presence of the threshold raises a question of the meaning of a thresholdless laser, whether the thresholdless operation of the system should be determined by either, the photon statistics or the spectrum of the cavity field, or both.
II. THE DRESSED-ATOM SYSTEM
We consider a system consisting of an atom located within a single-mode cavity engineered inside a photonic crystal. The atom is modeled as a two-level system with lower level |1 and upper level |2 separated by energy ω 0 , and driven by an intense single-mode laser field of the resonant Rabi frequency 2Ω 0 . The laser field propagates transverse to the cavity axis and is treated classically, while the cavity mode is treated as a quantum field in a state |n containing n photons of frequency ω c . The reason for engineering the cavity inside a photonic crystal is twofold. On the one hand, the photonic crystal provides a system for a strong coupling of the atom to a previlage mode. On the other hand, the crystal provides a reservoir of a multi-mode electromagnetic field whose modal density varies sharply on a frequency scale much smaller than the Rabi frequency of the driving field [32] [33] [34] [35] . Theoretically, the variation of the density of the field modes with frequency is expressed in terms of a step function that varies sharply at the cut-off frequency ω b . The dynamics of the total system; the driven atom plus the cavity plus the reservoir, is determined by the density operator ρ T , which in the interaction picture satisfies the master equation
is the density operator of the system in the interaction picture, with
and
is an operator representing the damping of the cavity field with the rate κ. The HamiltonianH, appearing in Eq. (1), is composed of three termsH
wherẽ
is the free Hamiltonian of the atom, the cavity field, and the multi-mode reservoir, respectively,
is the interaction Hamiltonian of the driving laser field with the atom, and
is the interaction Hamiltonian of the privilege cavity mode and the remaining reservoir modes with the atom. In Eqs. (1)- (8), the parameters g and g k describe the coupling constants between the atom and the cavity mode and the reservoir modes, respectively, a (a † ) and a k (a † k )
are, respectively, the cavity-mode and the radiation reservoir annihilation (creation) operators, σ ij = |i j| (i, j = 1, 2) are the bare atomic operators, and 2Ω 0 is the resonant Rabi frequency of the laser field which, for simplicity, we have assumed is real and positive. The remaining parameters
are the detunings of the atomic resonance frequency ω 0 , the cavity-mode frequency ω c , and the frequency ω k of the kth mode of the radiation reservoir from the frequency ω L of the driving laser field. There are three fields interacting with the atom, the laser field whose the coupling strength to the atom is given by the Rabi frequency Ω 0 , the cavity field coupled to the atom with the strength g and the multi-mode vacuum reservoir whose the kth mode is coupled to the atom with the strength g k . We shall assume that the coupling Ω 0 dominates over g that, on the other hand, is much stronger than g k , so that Ω 0 ≫ g ≫ g k . We shall follow the following procedure, first "dressing" the atom in the laser field and then couple the resulting dressed-atom system to the cavity and the reservoir fields.
As we shall be interested in the spectral properties of the radiation field produced by a dressed-state laser, we make the customary transformation of representing the master equation in terms of dressed states of the driven atom [5] . The dressed states are the eigenstates of the
Since the driving field is treated classically in our calculations, the diagonalization of the HamiltonianH AL produces the socalled semiclassical dressed states |1 = cos φ|1 − sin φ|2 , |2 = sin φ|1 + cos φ|2 , (9) where cos
is the Rabi frequency of the detuned field. We now introduce dressed-state operators, R ij = |ĩ j |, and find that the HamiltonianH 0 +H L becomes
where R 3 = R 22 −R 11 . Note that the Hamiltonian (10) is diagonal in the basis of the product states |ĩ ⊗ |n ⊗ |n k , which prompts us to make the unitary transformation
which results in the density operator in the dressed-atom picture. It follows from Eqs. (1) and (11) that the maser equation for the density operator in the dressed-atom picture becomes
wherē
Note that in the dressed-atom picture the evolution of the density operator is determined only by the interaction Hamiltonian (8) .
We now proceed to eliminate the reservoir field by tracing the density operator of the total system over the space of the reservoir modes to obtain the reduced density operator of the dressed atom and the cavity mode only. Since the multi-mode field appears as a frequency dependent reservoir, we assume that the Rabi frequency is much larger than the width of the band edge of the band-gap material is much smaller than the spontaneous emission rate of the atomic bare transition and the dressed-atom transition frequencies ω L and ω L ± 2Ω are far away from the the band-edge frequency ω b . In this case, it is possible to obtain a master equation for the reduced density operator consistent with the Born-Markov approximation.
In addition, we assume that the cavity mode is tuned to exact resonance with the low-frequency Rabi sideband, i.e. ∆ c = −2Ω. With this frequency tuning, we can distinguish that certain terms in the master equation are stationary in time and the other oscillating at frequencies 2Ω and 4Ω. Since the Rabi frequency is large, these oscillatory terms make a negligible contribution to the dynamics of the system and we may ignore them. This simplification is a form of the rotating-wave approximation. With such approximations, and after using the standard procedure of eliminating of the reservoir modes, we find that the reduced density operator ρ of the dressed atom plus the cavity mode has the form
where g 1 = g sin 2 φ is the "effective" coupling constant of the dressed atom to the cavity field,
are the damping rates between the dressed states of the system, and u( 
Since the frequencies ω < ω b are forbidden in the bandgap material, this opens a possibility to eliminate spontaneous transitions at selected frequencies of the dressedatom system. The master equation (14) is very similar in form to that one found for the the frequency independent reservoir. In particular, the damping rates γ 0 , γ + and γ − differ only in that the damping rate γ of the bare atomic transition is replaced by γu(ω i − ω b ), the frequency dependent rates. Thus, modifications to the master equation brought by the band-gap material are essentially reflected in the appearance of three, frequency dependent, damping rates.
As we shall see, the modifications, although look trivial at the first glance, will in fact significantly affect the dynamics of the system and the spectral distribution of the emitted light. The damping rate γ + corresponds to spontaneous emission from the upper dressed state |2 to the lower dressed state |1 of the manifold below and occurs at frequency ω + = ω L +2Ω, whereas the damping rate γ − corresponds to spontaneous emission from the lower dressed state to the upper dressed state of the manifold below and occurs at frequency ω − = ω L − 2Ω. It should be noted that the rate γ − appears as the decay rate on the transition resonant to the cavity frequency, whereas the rate γ + , that appears as a damping rate plays, in fact, the role of an incoherent pumping of the dressed system from |2 to |1 . In other words, it is a pure incoherent pumping process that transfers the population to the upper state of the lasing transition. Thus, by a suitable tuning of the dressed-atom frequency ω − to the edge frequency ω b , one can eliminate spontaneous emission at the frequency of the cavity field. We now introduce density-matrix elements with respect to the dressed states, denoting ρ ij = ĩ |ρ|j , and using the master equation (14), we obtain the following simple equations of motion for the populations and coherence
where Γ c = (γ 0 + γ + + γ − )/2 is the decay rate associated with the ρ 12 coherence. Equations (16) are the basic equations for calculating the spectra of the atomic fluorescence and the cavity field. In the following we always assume that the Rabi frequency of the laser field is much larger than the coupling constant of the cavity mode and the damping rates of the atom and the cavity mode, 2Ω ≫ g, γ, κ. Under such conditions, we can selectively tune the dressed-atom frequencies to the transmissive or to the forbidden band of the band-gap material.
III. ATOMIC FLUORESCENCE AND CAVITY FIELD SPECTRA
We now follow the procedure of Freedhoff and Quang [14] to calculate the atomic fluorescence and cavity field spectra. The evaluation of the spectra simplifies by introducing the following Hermitian combination of the density matrix elements
The advantage of working with the Hermitian combinations is the most evident if one considers the photonnumber representation, ρ
n,n+m ≡ n|ρ (i) |n + m , where it can be easily found that the equations of motion for the diagonal matrix elements decouple from the equations of motion for the off-diagonal elements. Using Eq. (16), we find that the equations of motion for the density matrix elements ρ
n,n+m satisfy a set of coupled differential equations, which can be written in a matrix form as
where Z 
where Z (m) j (0) are the initial values of the density matrix elements. The general solution (19) can be applied to evaluate the spectrum of light emitted by the system. Two kinds of radiation are produced by the system, the atomic fluorescence emitted out of the sides of the cavity and the cavity-mode field, leaking the cavity through the cavity mirrors.
A. Spectral distribution of the atomic fluorescence
In the dressed-atom picture and under the condition of well separated dressed-atom transition frequencies, the spectrum of the atomic fluorescence can be evaluated separately at each of the dressed-atom frequency as
where
and the subscript s denotes the steady-state value of the correlation function. The required spectrum therefore follows directly from the dressed-state two-time correlation functions, which can be evaluated from the general solution (19) . Since we are interested in the spectral distribution of the field emitted at the cavity frequency, which is tuned to the frequency of the lower Rabi sideband, we will therefore focus our attention on the spectrum at the frequency ω − = ω L − 2Ω. The two-time correlation functions appearing in Eq. (21) are found by applying the quantum regression theorem to the equation of motion (16) . The general solution for the spectrum, given in terms of the Green function matrix is of the form
where [G
n,j (iν)Z
(1)
n,n+1 (iν) is the Laplace transformation of ρ (2) n,n+1 (τ ), and ν = ω − ω − .
B. Spectral distribution of the cavity field
The incoherent part of the spectrum of the cavity field evaluated at the frequency ω − = ω L − 2Ω is defined as the Fourier transformation of the two-time correlation function of the fluctuation operators
where δa(t) = a(t) − a(t) . Using the quantum regression theorem, one can show that the two-time correlation function of the field fluctuation operators can be expressed in terms of the density matrix elements as
where ρ (1) n,n+1 (τ ) is the solution of Eq. (16) with the initial condition given by the steady-state values of the density matrix elements. The spectrum is obtained by taking the Fourier transform of Eq. (24), or equivalently it can be done replacing τ by τ = iν. Hence, we readily find the following formula for the cavity field spectrum
In the following section, we present numerical results for the atomic fluorescence and the cavity field spectra evaluated for different values of the pumping rate of the lasing transition.
IV. NUMERICAL RESULTS
We now evaluate the atomic fluorescence and the cavity field spectra in a good cavity limit of g ≫ κ, γ. We concentrate on the lower Rabi sideband and consider the variation in the spectra with changing γ + , the pumping rate of the dressed-atom laser for the case of a frequency independent reservoir, γ − = 0 and compare it with the result for the band-gap, γ − = 0 situation. The results are shown in Figs. 1-4 . Let us first examine the spectra in the situation when the atom is coupled to a frequency independent reservoir that the spontaneous transitions are allowed at all three dressed-atom frequencies, i.e. γ 0 , γ + and γ − are all different from zero. Figure 1 shows the atomic fluorescence spectrum for fixed κ = 0.05γ, and the cavity coupling constant g = 5γ, and for progressively increasing pumping rate γ + . At low pumping rate, the spectrum consists of two well-separated narrow peaks, centered at frequencies ω = ω − ± g 1 . This is well known as the vacuum Rabi splitting. As the pumping rate increases, i.e. cos 4 φ increases, more peaks emerge at multiples of ±g 1 . At moderate pumping rates, a multi-peaked spectrum is well visible with peaks inside as well as outside the vacuum Rabi doublet, but the most intense are still those corresponding to the vacuum Rabi splitting. Note that there is no fluorescence at ω − , the cavity field frequency. Moreover, the peaks group into three separate sets of multiplets. If we further increase the pumping rate, the multi-peak structures merge into the characteristic Mollow type triplet with the central component at the cavity field frequency ω − and sidebands located at ±2 n g 1 , where n is the average number of photons in the cavity mode. This spectrum is very similar to that found before for a bichromatic driving field [36] , with one strong and one weak component. The strong component was resonant with the atomic transition whereas the weaker component was matched to the Rabi sideband induced by the strong component. In the case considered here, the role of the weaker component is played by the cavity field. Somewhat similar effects appear in the cavity field spectrum. Figure 2 shows the cavity field spectrum for the same parameters as in Fig. 1 . We observe that the spectrum is quantitatively similar to the fluorescence spectrum, but there is a qualitative difference that the multipeak structure builds up only inside the the vacuum Rabi doublet. When the pumping rate increases further, the multi-peak structure merges into a very marrow peak centered at the cavity frequency ω − . The appearance of the very narrow peak the cavity-field frequency is a clear evidence of a lasing action. Thus, there is a threshold value of γ + , defined to be that value of the pumping rate for which the cavity field spectrum merges into a very narrow, almost monochromatic peak located at the frequency of the cavity mode. It is interesting to note from Figs. 1 and 2 that we can distinguish three regions of the pumping rate at which the spectra have completely different structures. The low pumping region at which the spectra exhibit the vacuum Rabi splitting, the moderate region where multipeak structure is seen, and the region of large pumping rates where only a single very narrow peak is observed. The behavior of the system and resulting spectral properties can be very different when the atom is coupled to a frequency-dependent reservoir exhibited by a bandgap material. Figure 3 illustrates the filtering effect of the band-gap material on the atomic fluorescence spectrum by choosing γ − = 0. It corresponds to the situation of no spontaneous emission on the dressed-atom transition resonant to the cavity-mode frequency. For low pumping rates the behavior of the spectrum is seen to be qualitatively different from the previous case of the frequency independent reservoir. We start to see the multi-peaked structure at very low values of the pumping rate. In addition to a general appearance of the multipeaked structure at low and moderate pumping rates, an enhancement of the fluorescence and the cavity field appear at frequencies symmetrically displaced from the 6.0x10 cavity-mode frequency by the effective coupling constant g 1 . It is notable that in both spectra the resonances occurring at ±g 1 are the dominant features in the case of weak and moderate pumping rates. Figure 4 shows the behavior of the cavity field spectrum in the band-gap situation with γ − = 0. Again, the multipeaked structure, which is caused by the population of the low energy entangled states of the combined dressedatom plus the cavity mode system, is seen to emerge at very low pumping rates. As the pumping rate increases, a threshold behavior occurs that the multi-peak spectrum converts into a single very narrow peak. Simultaneously, the atomic fluorescence spectrum converts into a triplet, similar to the Mollow triplet, with the central component at frequency ω − . It is interesting that the magnitude and the width of the narrow peak is the same as in the case of the frequency independent reservoir, i.e. is independent of whether γ − = 0 or γ − = 0. Thus, the dominant effects for the filtering properties of the band-gap material are see at low and moderate pumping rates.
V. INTERPRETATION OF THE RESULTS
The physics underlying the modifications of the spectra in the presence of the band-gap material can be understood more intuitively by an analytical examination of the energy structure of the combined dressed-atom plus the cavity mode system. The combined states are entangled states between the atom and the cavity field. The knowledge of the states allows us to calculate the populations of these states and transition rates between them. Our treatment is an extension of the Freedhoff and Quang approach to the case of a frequency dependent reservoir.
In these calculations, we use the fully quantized dressedatom approach which gives a complementary view of the cavity effects.
We use the quantum dressed-atom model, in which we quantize both the driving laser and the cavity-mode fields. In our calculations, we first couple the bare atom to the laser field, then we couple the resulting dressed atom to the cavity mode. In the fully quantum description we replace the semiclassical dressed states by their quantum counterparts
where |i, N is a state in which the atom is in the ith state and N photons are present in the driving field. The eigenstates of the noninteracting dressed-atom system plus the cavity mode are product states |ĩ, N, n = |ĩ, N ⊗|n , where |n is the eigenstate of the cavity mode, with energies
where n is the number of photons in the cavity mode. It is easily to show that the state |2, N, 0 is a single state, whereas the state |2, N − n, n and |1, N − n + 1, n − 1 from doubly degenerate pairs. When we include the interaction between the dressed atom and the cavity mode
the degeneracy is lifted, resulting in doublets with eigenstates, the atom-cavity-mode entangled states of the form
corresponding to energies
The entangled states (29) are the energy states of the system. They group into manifolds, each containing a singlet and an infinite number of doublets. Neighboring doublets are separated by 2Ω, while the intra-doublet states are separated by 2 √ ng 1 . The spectral properties of the atomic fluorescence and the cavity field are a signature of the entangled system, its energy levels, their populations and probabilities of spontaneous transitions between them. Thus, one would expect multiple structures in the spectra.
A. Transition rates
The energy states of the system interact with the vacuum reservoir modes. This results in a spontaneous emission cascade by the system down its energy manifold ladder. The probability of a transition between any two energy states is proportional to the absolute square of the dipole transition moment between them. Since the interaction between the atom and the field is determined by a single-photon Hamiltonian, the transition dipole moments have selection rules that nonzero transitions can occur only between states |Ψ N,±n and |Ψ N −1,±n ′ with n ′ = n, n ± 1. The probabilities (spontaneous emission rates), corresponding to transitions at frequencies
are given by
Similarly, cavity damping cause transition to occur from states |N, ±n to states |N − 1, ±n ′ with probabilities
into the familiar Mollow triplet is a clear evidence that in this limit the cavity field appears as a monochromatic coherent field. We could call the point at which the cavity field merges into a single narrow peak as a threshold for the cavity field to operate as a conventional laser. On the other hand, the cavity field spectrum converts into a single peak, that the outer sidebands decreases with increasing n with the inner sidebands exhibiting a strong enhancement. This is consistent with the variation with n of the cavity induced damping rates (35) .
B. Populations
To evaluate the populations of the energy states of the system, we project the master equation (14) onto |Ψ N,±n on the right and Ψ N,±n | on the left, and make the secular approximation that ignores couplings between populations and coherences. We then introduce the reduced populations
and find that in the steady state, Π ±n satisfy the recurrence relation 
where Π 0 is determined by the normalization condition. It is evident from Eq. (38) that the population of the energy states depends solely on the density of the vacuum modes at the Rabi sideband frequencies. The population is unequally distributed among the states, but the redistribution depends strongly on whether γ − = 0 or γ − = 0. For γ − = 0 and κ ≪ γ, the population distribution depends weakly on n leaving the state n > 1 practically unpopulated. This explains why in the limit of a low pumping, γ + ≪ 1, only the characteristic vacuum Rabi splitting is seen in the spectra, as shown in Figs. 1 and 2 . However, in the band-gap situation of γ − = 0 the population distribution is strongly sensitive to n and the population can be redistributed over the n > 1 state even for relatively weak pumping rate. This clearly explains why in the band-gap situation, shown in Figs. 3 and 4 , a multi-peak structure is observed in the spectra even for very low pumping rate.
VI. CONCLUSIONS
We have examined the atomic fluorescence and cavity field spectra of a strongly driven two-level atom coupled to a single-mode cavity and a frequency-dependent reservoir exhibited by a band-gap material. The band-gap spectral density of the electromagnetic vacuum modes changes sharply at the band-edge frequency ω b , such that ω b −ω − ≫ Γ, where ω − is the frequency of the lower Rabi sideband and Γ is its bandwidth. We have found that the frequency dependent reservoir affects the spectra for low and moderate pumping rates, while for large pumping rates the spectra do not differ substantially from that predicted for the case of a frequency independent reservoir. The effect of the frequency dependent reservoir is to narrow the spectral lines and to suppress the below threshold regime characterized by the vacuum Rabi splitting. Multi-peaked spectra are observed for essentially very low pumping rates. This feature can be regarded as a signature of the thresholdless lasing. However, the multi-peaked structure of the cavity field spectrum indicates that the system does not operate as a source of a monochromatic light. A conventional laser is usually described as a source of a highly monochromatic coherent light. We have found that the cavity field spectrum exhibits a threshold behavior that at a certain pumping rate, the multi-peak spectrum converts into a single very narrow peak located at the cavity mode frequency. The threshold behavior exists despite the fact that there is no threshold behavior in the photon statistics of the cavity field.
